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Abstract
We consider the problem of cotangent bundle reduction for proper
non-free group actions at zero momentum. We show that in this context
the symplectic stratification obtained by Sjamaar and Lerman refines in
two ways: (i) each symplectic stratum admits a stratification which we
call the secondary stratification with two distinct types of pieces, one of
which is open and dense and symplectomorphic to a cotangent bundle;
(ii) the reduced space at zero momentum admits a finer stratification
than the symplectic one into pieces that are coisotropic in their respective
symplectic strata.
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1 Introduction
This paper addresses the problem of symplectic reduction for cotangent bundles
with proper actions, at zero momentum. From the point of view of mechanics,
cotangent bundles are the most important symplectic manifolds since they are
the phase spaces for most classical mechanical systems. The geometry of the
reduced space plays a crucial role in understanding the dynamics of reduced
Hamiltonian systems with non-freely acting symmetry groups. We view this
problem, then, as a fundamental one in the theory of geometric mechanics and
symplectic reduction.
A general theory of symplectic reduction for proper, and non-free actions
has been a subject of active research since the original theory was worked out
in Marsden and Weinstein [15] and Meyer [16]. The geometric structure of the
reduced spaces was first satisfactorily understood, for the case of compact sym-
metry groups, in the breakthrough paper of Sjamaar and Lerman [24], where the
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tools of stratification by orbit types were first introduced to precisely determine
how the reduced space, which is not in general a manifold, is decomposed into
symplectic manifolds called symplectic strata. Indeed, from this point of view,
they were able to put in geometric context the earlier work on this problem
by proving that the symplectic strata of the reduced space are the symplectic
leaves of the reduced Poisson algebra as determined in Arms et al. [2]. These
symplectic strata are obtained by first intersecting the zero level set of the mo-
mentum map with the points in the original symplectic manifold with the same
orbit type, and then taking the quotient of this space by the group action. They
also explain how the strata fit together by examining the behavior of a linear
symplectic action on a symplectic normal space, and applying the Symplectic
Slice Theorem due to Marle, Guillemin, and Sternberg.
Since this work, the field has continued to develop substantially. In Bates
and Lerman [3], the theory was extended to proper group actions and nonzero
momentum, by way of orbit reduction, with the assumption of locally closed
coadjoint orbits. In Ortega and Ratiu [19], the theory of Poisson reduction by a
free Poisson action given in Marsden and Ratiu [14], is extended to the singular
case. The symplectic reduction theory is extended to the case of non-locally
closed coadjoint orbits in Cushman and S´niatycki [6] by looking at accessible
sets of invariant Hamiltonian vector fields. A comprehensive reference for all
these results, including several generalizations and improvements of the theory
and also their consequences in terms of reduction and reconstruction of Hamil-
tonian dynamics is found in Ortega and Ratiu [18]. Another text, Cushman and
Bates [5], besides giving an overview of the general theory, contains also many
computed examples using invariant theory.
Specializing to cotangent bundles, one expects, as in the free case, that
the reduced space will admit special structure. Indeed, in the free case, as is
well known, the reduced space at zero momentum is in fact simply the cotan-
gent bundle of the orbit space of the base with its canonical symplectic form.
At nonzero momentum it is known that the reduced symplectic space is sym-
plectomorphic to a coadjoint orbit bundle (see Marsden and Perlmutter [13]).
Alternatively it can be seen as the image of a symplectic embedding into an
appropriate cotangent bundle (see for instance Marsden [12]).
Although various attempts were made to apply the general theory of singu-
lar reduction to understand the important case of cotangent bundles, until now,
there has not been a complete picture without strong assumptions. The litera-
ture begins with a result due to Montgomery [17] prior to the work of Sjamaar
and Lerman in which he extends the embedding theory of regular cotangent
bundle reduction to the case where the involved groups satisfy a special dimen-
sion condition and the proper action on the base manifold is assumed to consist
of only one orbit type. In the paper [8] Emmrich and Ro¨mer give a complete
solution to the zero momentum reduced space for a proper action again with
the assumption that the base action consists of just one orbit type. As one
might guess from the free theory of cotangent bundle reduction and the fact
that the orbit space for the base action is a manifold, they obtain that the re-
duced space at zero momentum is just the cotangent bundle of the orbit space
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with its canonical symplectic form.
The next paper to address the problem of reduction of cotangent bundles is
Lerman et al. [10], where the example of S1 acting on T ∗S2 is computed and
the reduced space at zero momentum is shown to be the “canoe”. They also
provide a result for singular cotangent bundle reduction at zero in the case that
the action admits a cross section.
Finally, we note that in Schmah [23], the results obtained in [8] are again
obtained with a different proof and extended, under the same hypothesis on the
isotropy groups in the base, to deal with reduction at momentum values with
trivial coadjoint orbits.
The main results. There are several new results in this paper. An important
guiding principle in this work is that zero momentum reduced data should cor-
respond with data constructed from the group action on the base, in particular
the isotropy lattice.
We will consider a proper action of a Lie group G on a manifold M and
its lifted action on T ∗M , which is Hamiltonian with respect to the canonical
symplectic form with equivariant momentum map J : T ∗M → g∗. Our first
main result, Theorem 5, is that the isotropy lattice for the G-action on the
zero momentum level set, J−1(0), is isomorphic to the isotropy lattice for the
base action of G on M . We obtain this, roughly, by decomposing J−1(0) as
a disjoint union of fiber bundles along the base orbit types and then using
a subtle application of the Tube Theorem for slices. Next, relative to this
primary decomposition of J−1(0), knowing its isotropy lattice, we consider for
each isotropy type (L) the set (J−1(0))(L). Call a pair of elements, (H), (L) in
the isotropy lattice of M a connectable pair over (L), provided (H) ≥ (L). This
means that L is conjugate to a subgroup ofH . Let us denote this relationship by
H → L. We are now able to obtain a decomposition of the manifold, (J−1(0))(L),
into fiber bundles, one for each connectable pair over (L). That is, to each
group larger than or equal to (L) in the base lattice we construct a fiber bundle,
contained in (J−1(0))(L).
The symplectic strata of the reduced space P0 := J−1(0)/G are given by
J−1(0)(L)/G for each (L) in the base isotropy lattice and we will further demon-
strate that each of these is in turn stratified by fiber bundles, which we call
seams, one for each connectable pair H → L over (L). The pair L→ L is in fact
identified under a natural diffeomorphism to the cotangent bundle T ∗(M(L)/G)
and we will prove that this is an open dense piece in this secondary stratifica-
tion of each symplectic stratum. The other pieces fiber over the strata in the
boundary of M(L)/G.
The reduced symplectic structure fits together with respect to this stratifi-
cation in an elegant way. The cotangent bundle within each symplectic stratum
is open and dense. We prove in Proposition 6 that the restriction of the reduced
symplectic form to each seam is in fact equal to the pull back of the corre-
sponding canonical symplectic form of the corresponding cotangent bundle. In
Theorem 8 we characterize the reduced symplectic form on each symplectic stra-
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tum as the unique extension of the canonical symplectic form of the open and
dense cotangent bundle (corresponding to the L → L connectable pair) to its
closure. Furthermore, we prove in Theorem 8 that the seams (corresponding to
theH → L pairs) are in fact coisotropic submanifolds within their corresponding
symplectic strata.
We consider the topology of the total reduced space P0 and obtain a coiso-
tropic stratification (Theorem 10) which demonstrates that the full collection
of objects, seams and cotangent bundles, corresponding to the entire set of
connectable pairs in the isotropy lattice of the base, forms a stratification of
P0, which is of second order in the sense that each of its strata is labelled by
a connectable pair in the isotropy lattice. It is finer than the stratification
induced by the symplectic strata of Sjamaar and Lerman and, in opposition
to the latter, the continuous surjective projection to M/G happens to be a
morphism of stratified spaces with respect to the coisotropic stratification of P0
and the orbit type stratification of M/G.
It should be noted that although the secondary and coisotropic stratifications
introduced here are suitable for explaining the bundle structure of the reduced
space for cotangent-lifted actions, they lose some of the good properties enjoyed
by the symplectic stratification. First, the secondary and coisotropic stratifi-
cations are not known to have the conical property, or to satisfy the Whitney
conditions as the symplectic stratification (see [24, 18]). For general symplectic
manifolds, this is possible due to the existence of the Symplectic Slice Theorem,
which is not well adapted to the cotangent bundle case. Second, unlike for the
symplectic stratification, the secondary pieces of the stratifications introduced
here are not invariant under the reduced Hamiltonian flows, which makes our
results difficult to apply to dynamics. However, these results do give qualita-
tive information about the evolution of isotropy in the projection of the reduced
flows to the reduced base spaceM/G. See the end of the paper for more remarks
on these two comments.
For most of the derivations of our results about these stratifications we will
work in the slightly weaker category of Σ-decomposed spaces, because it is
computationally simpler. This category is introduced in Section 2. In Section 5,
however, we show how these results persist in the category of stratified spaces.
2 Background and preliminaries
The main aim of this section is to review the results on proper group actions
and symplectic reduction that we shall need for the rest of the paper. This
review will also serve to fix notation. We first review the basic results on proper
group actions on manifolds, namely the decomposition of the manifold into orbit
types which is a Σ-decomposition (to be introduced later) of the manifold. We
then recall the general theory of symplectic reduction at zero momentum for
proper group actions which describes the decomposition of the reduced space
at zero into symplectic Σ-manifolds obtained in a natural way from the orbit
type decomposition of J−1(0) (see [24]). Finally, we will summarize the known
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results for cotangent bundle reduction, first in the free case, and then, the next
easiest case for proper actions: the case with only one orbit type on the base
manifold.
2.1 Σ–Decompositions and proper actions
Recall that a smooth action of a Lie group on a manifoldM is proper if the map
G×M →M ×M , (g,m) 7→ (m, g ·m) is proper (the inverse image of a compact
set is compact). Notice that we have denoted the action map G×M →M by a
dot. For the proofs of the following key properties see for instance Duistermaat
and Kolk [7] or Pflaum [21].
Properties of proper actions: Let M be a G-manifold with a proper action.
Then,
1. The isotropy subgroup Gm of any point m ∈M is compact.
2. Each orbit G ·m, m ∈M , is a closed submanifold of M diffeomorphic to
G/Gm.
3. The orbit space M/G is Hausdorff, locally compact and paracompact.
4. M admits a G-invariant Riemannian metric.
5. If all the isotropy groups of points in M are conjugate to a given one, the
orbit space M/G is a smooth manifold and the projection M → M/G is
a surjective submersion.
An important result for proper actions is the standard model for G-invariant
neighborhoods. This is a consequence of the existence of slices due to Koszul
[9] in the case of G compact and later extended to proper actions by Palais [20].
Let exp be the exponential map associated to a G-invariant metric and Sm the
orthogonal complement to g ·m = Tm(G·m). Consider the product G×Sm with
the left diagonal action of Gm given by h · (g, v) := (gh−1, h · v). This is well
defined because by construction Sm is Gm-invariant. This action is free since
it is free in the first factor. Next, construct the associated bundle G ×Gm Sm
to the principal bundle G → G/Gm. There is a well defined G-action on this
bundle given by
g · [h, u] = [gh, u].
With these constructions, one then has the following result providing an explicit
realization of a G-invariant tubular neighborhood of the orbit through m.
Theorem 1 (Tube Theorem). The map φ : G×Gm Sm →M given by
φ([g, u]) = g · expm(u)
restricts to a G-equivariant diffeomorphism from a G-invariant neighborhood of
the zero section of G ×Gm Sm to a G-invariant neighborhood of G · m in M
satisfying
φ([e, 0]) = m.
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Consequently φ maps the set [G, 0], the zero section of the bundle G ×Gm Sm,
to the orbit G ·m.
Remark 1. We can construct the G-invariant neighborhood of the zero section
of the associated bundle of the previous theorem as follows. Let r be some
positive radius smaller than the injectivity radius of expm. Then the ball Br
around 0 in Sm is Gm-invariant since the action is by isometries. We refer
to Br and expm(Br) as a linear slice and a slice through m for the G-action
respectively. It is easy to see that the expm map restricted to Br is a Gm-
equivariant diffeomorphism with respect to the linear action of Gm on Br and
the base action of Gm on expm(Br) since the Gm action must take geodesics to
geodesics. Notice then, that the only group elements leaving the slice invariant
are those in Gm, i.e. we have
For any z ∈ expm (Br), Gz ⊆ Gm. (1)
The G-invariant neighborhood of the zero section, alluded to in the previous
theorem, is then G ×Gm Br. The details of the proof of the existence of slices
for proper actions and of the Tube Theorem can be found in [7]. N
For a subgroup H of a Lie group G the conjugacy class of H consists of all
subgroups of G that are conjugate to H and will be denoted by (H). Denote by
IM the set of conjugacy classes of isotropy groups of points ofM . Corresponding
to each element of this set (H) ∈ IM we have the subset of M of orbit type (H)
defined by
M(H) := {m ∈M : Gm ∈ (H)}.
For a proper G action on a manifold M the connected components of the orbit
type M(H) are embedded submanifolds.
In the set of conjugacy classes of G we can define a partial ordering ≤ by
(H) ≤ (K) if and only ifH is conjugate to a subgroup ofK in G. We will use the
notation (H) < (K) to mean that H is conjugate to a proper subgroup of K in
G, i.e. strictly smaller than K. We will represent IM as a lattice in the following
way: we draw an arrow from H to K when H and K are representatives of two
classes in IM such that (H) < (K) and there is no other class (L) ∈ IM such
that (H) < (L) < (K).
For proper actions on a connected manifold M , Duistermaat and Kolk [7]
show the existence of a unique minimal class in the isotropy lattice, say (H0).
The orbit type M(H0) is called the principal orbit type and is open and dense
in M .
When a proper G-action on M is not free then in general M/G is not a
manifold. It is usually said thatM/G is a stratified space, with the strata being
the setsM(H)/G. It is so, of crucial importance to our work to clarify the notion
of stratification by orbit types and most of our work we will done in the weaker
notion of a Σ–decomposition by the reasons explained below. A comprehensive
reference on the subject is Pflaum [21].
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Very often in the literature one encounters the stratification notion as a
decomposition of a topological space into pieces (strata) that are manifolds sat-
isfying the so-called frontier condition (if R∩S 6= ∅ then R ⊂ S, for pieces R,S).
As the following example from Sjamaar and Lerman [24] shows, this stratifica-
tion notion is not adequate if we want to include M/G as a stratified set with
strata M(H)/G since the set M(H), and consequently M(H)/G is not in general
a manifold, but a disconnected union of manifolds of different dimensions.
Example 1. Consider the action of S1 on CP 2 given by
eiθ · [z0, z1, z2] := [e
iθz0, z1, z2].
It is clear that the orbit type submanifold M(S1) is then the disjoint union of the
point at infinity [1, 0, 0] and the complex plane [0, z1, z2].
One could try to remedy this situation of the failure ofM(H) to be a manifold
by considering a decomposition with pieces the connected components of M(H).
However in this case is not clear how the frontier conditions work. For these
reasons we will adopt here the notion of a Σ-decomposition.
Definition 1 (Σ–decomposition). Let M be a paracompact Hausdorff space
with countable topology and Z a locally finite partition of M into locally closed
subspaces S ⊂ M . The pair (M,Z) is called a Σ-decomposed space and Z a
Σ-decomposition if the following conditions are satisfied:
i) Every piece S ∈ Z is a Σ-manifold in the induced topology, that is S
is a topological sum of countably many connected smooth and separable
manifolds.
ii) If R∩S 6= ∅, for a pair of pieces R,S ∈ Z, then R ⊂ S (frontier condition).
Σ-geometry. In general, a Σ-manifold will not be a manifold unless all its
connected components have the same dimension, however one can reproduce
virtually all the geometric results traditionally stated for manifolds for these
objects. In this sense, the tangent (resp. cotangent) bundle TM (resp. T ∗M)
of a Σ-manifold M will be the topological sum of the tangent (resp. cotangent)
bundles of each connected component of M and it is naturally a Σ-manifold. A
map f : M → N between Σ-manifolds is smooth if the image of the intersection
of the domain of f with each connected component of M is contained in a
connected component ofN and the restriction of f to each connected component
ofM , seen as a map between connected manifolds, is smooth. This allows us to
implement the concepts of diffeomorphisms, immersions, embeddings, etc of Σ-
manifolds. In the same spirit one can define vector fields, flows, group actions,
etc. Because of this flexibility, many times we will simply drop the prefix Σ
when these constructions arise, if the meaning is clear from the context.
The definition of a Σ-decomposition is well adapted to the decomposition of a
G-manifold into orbit types. Indeed, using the Tube Theorem one can show that
for a compact subgroup H of G the setsM(H) are locally closed Σ-submanifolds
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of M , meaning that each connected component of M(H) is a submanifold of M
(for the proof see Corollary 4.2.8 and Lemma 4.2.9 of Pflaum [21]). Furthermore
one can show that, for proper actions, the decomposition of M into the Σ-
submanifolds M(H), is locally finite (see Pflaum [21] Lemma 4.3.2). We then
have the following
Proposition 1. LetM be a proper G-manifold. The orbit type decomposition of
M is a Σ-decomposition with the pieces given by the orbit typesM(H), (H) ∈ IM .
In particular, the frontier condition for the pieces becomes equivalent to
M(H) ∩M(K) 6= ∅ ⇐⇒ (K) ≤ (H). (2)
Notice that the larger the orbit type, the smaller the isotropy subgroup, that
is (H) ≤ (K) if and only if M(K) ⊂M (H).
An useful way to visualize the global distribution of pieces of a Σ-decomposed
space M is to associate to it a decomposition lattice, where the elements are
the pieces of M , together with arrows showing the frontier conditions of pairs
of pieces. In this way, if R and S are two pieces we draw an arrow from R
to S if R ⊂ ∂S and there is no other piece T such that R ⊂ ∂T , and T ⊂
∂S where ∂S := S\S. For instance if our Σ-decomposition is the orbit type
decomposition of a G-manifold M , we find from the previous proposition that
the decomposition lattice of M has the same shape as the isotropy lattice of
IM , where in place of the representative H of an isotropy class we will have
the corresponding orbit type M(H), and the directions of the arrows will be
the reverse of those in the isotropy lattice. Sometimes these particular kinds of
decomposition lattices are called orbit type lattices.
As an example consider the action of Z2 × S1 on R3 where S1 acts by
rotations around the x3-axis and Z2 by reflections with respect to the (x1, x2)-
plane. Since this group is compact, its resulting action on R3 is proper and
the isotropy groups are of four types. Z2 × S1 is the stabilizer of 0, Z2 is the
stabilizer of points of the (x1, x2)- plane away from the origin, S
1 is the stabilizer
of points of the x3-axis except the origin and the identity 1 is the stabilizer of
the remaining points. The respective isotropy lattice and decomposition lattice
are given in Figure 1.
The Σ-decomposition of M by orbit types induces a Σ-decomposition on
M/G (see for instance Theorem 4.3.10 of Pflaum [21]). Its pieces are M(H)/G
where H ∈ IM (recall that by item (5) of the properties of proper group actions
these spaces are Σ-manifolds) and they satisfy identical frontier conditions as the
correspondingM(H), so the decomposition lattices ofM andM/G are identical.
For further reference we define a morphism of decomposed spaces as follows.
Definition 2. A continuous map f : (M1,Z1)→ (M2,Z2) between decomposed
spaces is called a morphism of decomposed spaces if, for every piece S ∈ Z1
there is a piece R ∈ Z2 such that: i) f(S) ⊂ R and ii) The restriction of f to
S is smooth.
If all the restrictions f |S are injective, surjective, immersions, submersions,
embeddings etc, f will be called a decomposed immersion, submersion, embed-
ding, etc.
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Figure 1: Isotropy lattice and decomposition lattice for the Z2 × S
1 action on
M = R3.
Finally, if (M,Z1) and (M,Z2) are two decompositions of the same topo-
logical space M , we say that (M,Z1) is finer provided the identity map id :
(M,Z1)→ (M,Z2) is a morphism of decomposed spaces.
As a consequence of this definition, if S1 and S2 are two pieces in Z1 whose
images under f are contained respectively in R1 and R2 in Z2 and S1 ⊂ S2 then
R1 ⊂ R2.
2.2 Symplectic reduction at zero momentum
We now consider the setting of a Lie group G acting properly and symplectically
on a symplectic manifold P and admitting an equivariant momentum map J.
It has long been known since 1973, 1974 (in [16], [15]) that when this action
is free, one can construct reduced symplectic manifolds J−1(µ)/Gµ, henceforth
referred to as Marsden-Weinstein (MW) reduced spaces.
When the assumption of freeness of the action is removed, the situation be-
comes immediately complicated as the momentum level sets are no longer in
general submanifolds. Nevertheless, with the idea of partitioning the level sets
into orbit types, it is possible to prove that one can obtain a symplectic strati-
fication of the singular reduced spaces. In [24] the Marsden-Weinstein reduced
space at zero momentum P0 = J−1(0)/G, is described as a Σ-decomposition
with each piece a symplectic Σ-manifold constructed using orbit types. In The-
orem 2 we recall this result.
Throughout this paper we will use the following notations. Given a G-
invariant subset A of a G-manifold P we define
A(H) := A ∩ P(H), and A
(H) := A(H)/G.
We also make use of the following subsets of a G-manifold M :
MH := {m ∈M : Gm = H}, M
H := {m ∈M : H ⊂ Gm}.
Note that M(H) = G ·MH .
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Theorem 2 (Sjamaar and Lerman [24]). Let (P , ω) be a connected sym-
plectic manifold on which G acts properly and symplectically admitting an equiv-
ariant momentum map J : P → g∗. Then
(
J−1(0)
)
(L)
is a G-invariant Σ-
submanifold of P and P0 := J−1(0)/G is a disjoint union of smooth symplectic
Σ-manifolds,
P0 =
⊔
(L)∈IP
P
(L)
0 , (3)
where P
(L)
0 :=
(
J−1(0)
)
(L)
/G with the reduced symplectic form ω
(L)
0 on P
(L)
0
given by
π(L)∗ ω
(L)
0 = i
∗
(L) ω,
where i(L) :
(
J−1(0)
)
(L)
→ P is the inclusion, and the orbit projection is de-
noted by π(L) : (J−1(0))(L) → P
(L)
0 . Furthermore, this partition of P0 is a
Σ-decomposition with frontier conditions obtained from the isotropy lattice IP .
Remark 2. In the above decomposition, some of the P
(L)
0 might be empty
(this happens if J−1(0) ∩ P(L) = ∅). We will refer to (3) as the symplectic
decomposition of P0. N
In the rest of the paper we study the additional structure that the spaces P0
and P
(L)
0 inherit from the cotangent bundle structure of the original symplectic
manifold P extending the known classical results for the free case.
2.3 Cotangent bundle reduction
In this section we review the well known results on cotangent bundle reduction
at zero momentum. We start with the free case and then we review the case of
a base manifold with just one orbit type. Throughout this section we assume
that G is a Lie group acting properly on a smooth manifoldM and by cotangent
lifts on T ∗M .
The action of G on T ∗M is Hamiltonian with respect to the canonical sym-
plectic form ω and has an Ad∗-equivariant momentum map J : T ∗M → g∗ given
by
〈J(pm), ξ〉 = 〈pm, ξM (m)〉 , (4)
where pm ∈ T ∗mM and ξM denotes the infinitesimal generator for the G-action
on M corresponding to ξ ∈ g.
In the free case, the cotangent lifted action on T ∗M is also free and proper
and consequently both orbit spaces, M/G and T ∗M/G, are smooth manifolds.
From (4) one has
αm ∈ J
−1(0) ∩ T ∗mM ⇐⇒ 〈αm, ξM (m)〉 = 0,
and so the zero level set of J is the annihilator of the bundle V ⊂ TM defined by
Vm = {ξM (m) : ξ ∈ g} = Tm(G·m). That is, J
−1(0) = V 0, which is a subbundle
of T ∗M . The MW-reduced space P0 := J−1(0)/G is a smooth symplectic
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manifold with symplectic form ω0 induced from the canonical symplectic form
ω on P = T ∗M defined by
π∗ω0 = i
∗ω,
where i : J−1(0)→ T ∗M is the inclusion and π : J−1(0)→ P0 the orbit projec-
tion map. The following theorem, due to Satzer in the case of G Abelian, and
Abraham and Marsden in the general case shows that P0 is symplectomorphic
to the cotangent bundle of the orbit space M/G, with its canonical symplectic
form.
Theorem 3 (Satzer [22], Abraham and Marsden [1]). If G acts freely and
properly on M and by cotangent lifts on T ∗M then the symplectic reduced space
(P0, ω0) is symplectomorphic to T
∗(M/G) equipped with its canonical symplectic
structure.
Proof. We sketch a proof as follows. Consider the map φ : TM/G→ T (M/G),
defined by φ([vm]) = Tmπ(vm). This map is well defined and both fiber pre-
serving and surjective. Its dual, φ∗ : T ∗(M/G) → T ∗M/G is then a fiberwise
injective bundle map and Im(φ∗) = V 0/G. As the vector bundles T ∗(M/G)
and V 0/G over M/G have the same dimension it follows that φ∗ is a bundle
isomorphism, i.e T ∗(M/G) ∼= V 0/G. Finally, the symplectomorphism of the
theorem is given by (φ∗)−1.
The next easiest generalization of this result, without the freeness assump-
tion, is the case where M consists of a single orbit type. This problem has been
solved by Emmrich and Ro¨mer [8], and later by Schmah [23] with a different
proof.
Theorem 4 (Emmrich and Ro¨mer [8]). Let G be a Lie group acting on
M properly and on P = T ∗M by cotangent lifts. If all the points of M have
isotropy groups conjugate to some H ⊂ G (so that M = M(H)), then J
−1(0) =(
J−1(0)
)
(H)
and P0 = (P0)(H) = J−1(0)/G is symplectomorphic to T ∗(M/G) =
T ∗M (H) with its canonical symplectic form which we denote ωH .
Remark 3. The symplectomorphism of the above theorem is the same as in
Theorem 3 for the free case. N
3 Decomposition of J−1(0)
In this section we prove a main result, Theorem 5, showing that the isotropy
lattice for the G-action on J−1(0) is identical to the isotropy lattice for the
G-action on the base manifold M . This result is special for zero momentum
and relies crucially on the fact that the zero momentum level set corresponds
to the annihilator of the tangent spaces to the group orbits. Throughout the
rest of the paper the setting will be of a Lie group G acting properly on a
connected smooth manifold M and by cotangent lifts on P = T ∗M . Note that
the resulting action on P is automatically proper.
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3.1 Partition of T ∗M along orbit types
Due to the properness of the action, Proposition 1 gives thatM is a Σ-decomposed
manifold by orbit types, that is
M =
⊔
(H)∈IM
M(H), (5)
where M(H) are Σ-submanifolds of M verifying the frontier condition (2).
Let g be a G-invariant metric on M , and use (5) to write TM as a union of
Whitney sums of Σ-vector bundles, that is
TM =
⊔
(H)∈IM
TM(H) ⊕NM(H), (6)
where NM(H) denotes the orthogonal complement to TM(H) as a Σ-vector
bundle over M(H).
Since G acts by isometries, t he Legendre map FL : TM → T ∗M defined by
FL(vm)(wm) = g(m)(vm, wm), is an equivariant bundle diffeomorphism from
TM to T ∗M and induces the following dual splitting
T ∗M =
⊔
(H)∈IM
T ∗M(H) ⊕N
∗M(H), (7)
which is a partition of T ∗M .
Let J : T ∗M → g∗ be the Ad∗-equivariant momentum map for the cotangent
lifted action of G on T ∗M . The partition (7) of T ∗M along orbit types allows
us to express the zero level set of the momentum map as a disjoint union of
Σ-bundles over each orbit type in the base manifold.
Proposition 2. For a proper action of G on the base manifold M the zero level
set of the momentum map J for the lifted G-action on T ∗M is a disjoint union
of Σ-vector bundles over M(H), where (H) runs in the isotropy lattice IM of the
base manifold. In particular
J−1(0) =
⊔
(H)∈IM
J−1(H)(0)⊕N
∗M(H), (8)
where J(H) is the momentum map for the G-action restricted to the Σ-bundle
T ∗M(H) and N
∗M(H) is the Σ-conormal bundle of M(H).
Proof. Let m ∈M(H) with stabilizer Gm = H . Recall that by definition of the
momentum map (4) we have
J−1m (0) = (g ·m)
◦ ⊂ T ∗mM,
where we use the notation Jm := J|T∗
m
M . We will now decompose this anni-
hilator making use of the metric g and the slice construction as follows. By
definition of the normal bundle NM(H) to the Σ-manifold M(H), we have
TmM = TmM(H) ⊕NmM(H). (9)
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Next, we use the metric to construct a linear slice Sm for the action of G on M
at the point m,
TmM = g ·m⊕ Sm,
where Sm is the orthogonal complement of the vertical space at m, i.e. Sm =
(g ·m)⊥ = (Tm(G ·m))
⊥. We can decompose this space as follows noting that
NmM(H) is orthogonal to g ·m ⊂ TmM(H),
Sm = Sm ∩ TmM(H) ⊕NmM(H).
Let us denote by S′m := Sm ∩ TmM(H). Note that S
′
m is the orthogonal com-
plement in TmM(H) to the subspace g · m. Therefore, by construction, it is
a linear slice for the G-action restricted to the Σ-manifold M(H) through m.
Consider the linear H action on S′m. Since M(H) has one orbit type by con-
struction, H must fix the entire space S′m. In fact, letting S
H
m denote the vector
subspace of Sm fixed by the H action, we have S
H
m = S
′
m. To see this, if
(a, b) ∈ SHm ⊕ NmM(H) is fixed by H then expm |Sm(a, b) ∈ MH which implies
that (a, b) ∈ TmM(H) from which we conclude that b = 0. We have therefore
shown that SHm = S
′
m, and therefore we have the decompositions
TmM = g ·m⊕ S
H
m ⊕NmM(H) (10)
and
TmM(H) = g ·m⊕ S
H
m . (11)
Taking the dual of equation (10) we obtain
T ∗mM = (S
H
m ⊕NmM(H))
◦ ⊕ (g ·m)◦ ≃ (g ·m)∗ ⊕ (SHm ⊕NmM(H))
∗
so that (g ·m)◦ ≃ (SHm)
∗ ⊕N∗mM(H). Furthermore, taking the dual of equation
(11) we obtain
T ∗mM(H) = (S
H
m)
◦ ⊕Ann(g ·m;T ∗mM(H)) ≃ (g ·m)
∗ ⊕ (SHm)
∗
so that
Ann(g ·m;T ∗mM(H)) ≃ (S
H
m)
∗. (12)
Here we used the following notation: if A →֒ B is a linear injection of vector
spaces, Ann(A;B∗) denotes the annihilator of A in B∗. Now, since the G-action
restricts to M(H) we can consider its cotangent lifted action to T
∗M(H). The
momentum map for this action is just the restriction of the momentum map on
T ∗M to T ∗M(H). We call this momentum map J(H) : T
∗M(H) → g
∗. It then
follows from equation (12) that (SHm)
∗ is the zero level set of the momentum map
J(H) restricted to the fiber over m ∈M(H). Denoting by J(H)m := J(H)|T∗mM(H)
we have then shown that
J−1m (0) = J
−1
(H)m(0)⊕N
∗
mM(H), (13)
from which the result follows.
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3.2 Orbit types of J−1(0)
In order to carry out the symplectic reduction for the zero level set J−1(0),
Theorem 2 tells us that we need to characterize P
(L)
0 =
(
J−1(0)
)
(L)
/G, for
each (L) in the isotropy lattice of the G-lifted action on T ∗M .
By its very definition, the cotangent lifted action G×T ∗M → T ∗M satisfies
τ(g · pm) = g · τ(pm) where the dot denotes both the left action of G on T
∗M
and on M , and τ : T ∗M → M denotes the projection. It is then clear that
in general the isotropy lattice for the cotangent bundle, say IT∗M , has more
classes than IM , although it always contains those belonging to IM since M is
G-equivariantly embedded in T ∗M as the zero section. The main aim of this
section is to show, in Theorem 5, that there exists a one-to-one correspondence
between orbit types in M and the symplectic pieces of the reduced space P0 =
J−1(0)/G. This is a remarkable feature of the zero momentum level set. We
start with the following coarse description of J−1(0) which will be refined in the
subsequent theorem.
Proposition 3. The orbit types of the zero level set of the momentum map for
the cotangent lifted action of G on T ∗M are expressed as
(
J−1(0)
)
(L)
=
⊔
(H)≥(L)
J−1(H)(0)×
(
N∗M(H)
)
(L)
, (14)
where (H) is in IM and (L) is fixed in IT∗M .
Proof. As the projection τ : T ∗M → M is equivariant and (L) ∈ IT∗M , then
τ((J−1(0))(L)) ∩M(H) 6= ∅ implies (L) ≤ (H). So, from (8) we get
(
J−1(0)
)
(L)
=
⊔
(H)≥(L)
(
J−1(H)(0)⊕N
∗M(H)
)
(L)
.
Recall that J(H) is the momentum map for the cotangent lifted G-action to
T ∗M(H). We can now apply the single orbit type theorem for cotangent lifted
actions (Theorem 4) to obtain J−1(H)(0) =
(
J−1(H)(0)
)
(H)
, which gives the result.
At this point, we are able to get more information on the possible subgroups
(L) by a careful analysis of the G-action on the conormal bundles N∗M(H).
The key to get finer information is to apply the slice construction and the Tube
Theorem both for the G-action on M(H) and for the G-action on M . This will
allow us to relate the orbit types for the G-action on the conormal bundle to
the orbit types for the G-action on the base. Specifically we find,
Theorem 5. For any m ∈M(H) such that Gm = H, and any fixed (L) ∈ IT∗M ,
then the orbit type (L) of the zero level set of the momentum map for the lifted
G-action, restricted to the fiber over m, verifies
(
J−1(0)
)
(L)
∩ T ∗mM 6= ∅
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if and only if both of the following conditions hold
i) (L) ≤ (H), ii)M(L) 6= ∅.
Before proving Theorem 5 we will prove a lemma relating the orbit types for
the linear action of a subgroup H of G on Sm = (g ·m)⊥ and the orbit types of
G on the base manifold M . It seems that most of the results in this lemma are
scattered in the literature in a different form and so we present here a version
that is better adapted to our purposes.
Lemma 1. Let m ∈ M(H) with Gm = H, Br a ball of radius r around zero
in Sm = (g ·m)⊥ with r smaller than the injectivity radius of expm, U and φ
respectively the G-invariant neighborhood of G ·m and the diffeomorphism given
by the Tube Theorem and M(K) 6= ∅ for some (K) ∈ IM . Consider the linear H
action on Sm. Then:
1. U ∩M(K) 6= ∅ if and only if (K) ≤ (H).
2. (Sm)(L) 6= ∅, if and only if there exists a class (K) ∈ IM with (K) ≤ (H)
such that L is conjugate in G to a representative of (K).
3. The set of points [G, u] ⊂ G ×H Br with u ∈ (Br)(L) gets mapped by φ
into M(K) where K is a subgroup of H conjugate in G to L.
Proof. 1.: Suppose (K) ≤ (H), then by the frontier condition we have M(H) ⊂
M(K). So, every open set inM containing a point inM(H) must have nonempty
intersection with M(K).
Conversely, suppose m′ ∈ U ∩M(K). Then Gm′ is conjugate to K in G, i.e
(Gm′) = (K). On the other hand,m
′ ∈ U and U = G·expm(Br), som
′ = g·s for
some s ∈ expm(Br) ⊂ M and g ∈ G. Thus, as m
′ = gs then (Gm′) = (Gs) and
as s ∈ expm (Br) then Remark 1 gives Gs ⊆ H . So (Gm′) = (Gs) = (K) ≤ (H).
For 2.: From 1, we know that for (K) ≤ (H) there exists s ∈ expm(Br)
such that L := Gs is conjugate to K. Since expm is H-equivariant, the point
exp−1m (s)∩Sm ∈ Br is stabilized by L under the linearH action on Br. Since this
action extends linearly to the entire space Sm, we conclude that (Sm)(L) 6= ∅
where L is conjugate to K. Conversely, let L be a subgroup of H such that
(Sm)(L) 6= ∅. By linearity of the H action, (Br)(L) 6= ∅ and by equivariance of
expm, we have (expm(Br))(L) 6= ∅. By 1., this immediately implies that L is
conjugate to K for some (K) ∈ IM with (K) ≤ (H).
Finally, to prove 3, it is sufficient to take u ∈ (Br)(L) so that Hu = L. Now,
since expm is H equivariant, we have that expm(u) is stabilized by L as well and
in fact Gexpm(u) = L. It follows that each point in the set φ([G, u]) = G · exp(u)
is contained in M(L) =M(K) as required.
Proof. (of Theorem 5) Recall from the proof of Proposition 2 that
J−1m (0) = (g ·m)
◦ ≃ S∗m = (S
H
m ⊕NmM(H))
∗ ≃ (SHm)
∗ ⊕N∗mM(H).
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Since H acts by isometries on TmM and on TmM(H) by restriction then H
maps NmM(H) into itself and the action of H on S
H
m ⊕ NmM(H) is diagonal.
Furthermore the H action on SHm is trivial by construction.
Therefore for (a, b) ∈ SHm × NmM(H) one has H(a,b) = Hb, as H(a,0) =
H . Consequently, the orbit type sets for the H action on Sm are of the form
SHm ×
(
NmM(H)
)
(L)
where (L) belongs to the isotropy lattice for the linear H
action on Sm.
Let us show that if b 6= 0 then Hb is strictly contained in H . For this, note
that locally SHm and Sm are linear slices at m for the G-actions on M(H) and M
respectively.
Consider the direct product of H-invariant neighborhoods Br1×Br2 ⊂ S
H
m⊕
NmM(H) each of them inside the disk of radius ri > 0 centered at 0 in the
corresponding vector space, where r21 + r
2
2 < r
2. Then, their direct product is
contained in the disk Br ⊂ Sm. Denote by φM(H) : G ×H Br1 → UM(H) the
diffeomorphism from Theorem 1 applied to the slice for the G-action on M(H).
The image of φM(H) is an open G-invariant set of M(H) and not of M . Next
consider the slice at the point m for the entire manifold M , modelled on the
space G ×H (Br1 × Br2), and the corresponding map φ : G ×H (Br1 × Br2) →
U . Suppose there exists 0 6= y ∈ Br2 such that Hy = H . Then, the entire
open set Br1 × ty where t ∈ (0, r2/||y||)) is stabilized by H and therefore, by
3) of Lemma 1, φ([G ×H (Br1 × ty)]) is contained in M(H). However φ is a
diffeomorphism so this image has one higher dimension than φM(H) (G×H Br1).
On the other hand, they are both open sets in M(H), which is a contradiction.
We have then proved that Hb ( H for b 6= 0.
From 2) of Lemma 1 we know that (Sm)(L) 6= ∅ if and only if L is conjugate
to K ⊆ H for some (K) ∈ IM and M(K) 6= ∅. Then we have proved that
(
J−1m (0)
)
(L)
= SHm ×
(
N∗mM(H)
)
(L)
6= ∅
if and only if
(L) ≤ (H) and M(L) 6= ∅.
From the proof of Theorem 5 and noting that M(H) = G ·MH we have
Corollary 6.
(
N∗M(H)
)
(L)
6= ∅ if and only if (H) ≥ (L) and M(L) 6= ∅.
Furthermore
(
N∗M(H)
)
(H)
is the zero section of the Σ-bundle N∗M(H) →M(H),
i.e., it is isomorphic to M(H).
To end this section we summarize in the next proposition the main results
obtained so far for the orbit types of the zero momentum level set.
Proposition 4. In the previous conditions we have:
a) (L) ∈ IJ−1(0) ⇐⇒ (L) ∈ IM and then P
(L)
0 6= ∅ ⇐⇒ (L) ∈ IM .
b) The cotangent bundle projection τ restricts to the G-equivariant continu-
ous surjection τL :
(
J−1(0)
)
(L)
→M(L).
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c) A fixed orbit type (L) in the zero momentum level set is a Σ-submanifold
of T ∗M which admits the following G-invariant partition:
(
J−1(0)
)
(L)
= J−1(L)(0)
⊔
(H)>(L)
J−1(H)(0)×
(
N∗M(H)
)
(L)
. (15)
d) For every (H) > (L), the restrictions
tL := τL|J−1
(L)
(0) and tH→L := τL|J−1
(H)
(0)×(N∗M(H))(L)
are G-equivariant smooth surjective submersions respectively onto M(L)
and M(H).
Proof. Statement a) is proved in Theorem 5. For b): To prove continuity of τL,
first note that M(L) has the relative topology from M so we must show that
for any open set U in M , τ−1L (U ∩M(L)) is open in (J
−1(0))(L). The cotan-
gent projection τ : T ∗M → M is of course continuous, so τ−1(U) is open in
T ∗M and therefore τ−1(U) ∩ (J−1(0))(L) is an open set in (J
−1(0))(L). It is
easy to show that, τ−1(U) ∩ (J−1(0))(L) = τ
−1
L (U ∩M(L)) from which continu-
ity of τL follows. G-equivariance is obvious. Finally, note that the image of τ
restricted to (J−1(0))(L) is the disjoint union
⊔
(H)≥(L)M(H) = M(L) since for
each (H) ≥ (L), J−1(H)(0)×
(
N∗M(H)
)
(L)
is a Σ-fiber bundle over M(H). c) just
follows from Proposition 3 and Theorem 5. To obtain d), note that J−1(L)(0) is a
Σ-fiber bundle over M(L), i.e. disjoint union of smooth fiber bundles over each
connected component of M(L) and on each connected component the fiber bun-
dle projection tL is a smooth surjective submersion. G-equivariance follows from
the definition of the cotangent lifted action. Similarly J−1(H)(0) × (N
∗M(H))(L)
is a Σ-fiber bundle over M(H) with smooth surjective Σ-submersion tH→L.
4 Topology and symplectic geometry of P0
The general symplectic reduction theory (Theorem 2) tells us that P0 is a Σ-
decomposed space with symplectic pieces P
(L)
0 . In the specific case of a cotan-
gent bundle, we show in this section that these symplectic pieces also admit
a Σ-decomposition which we call the secondary decomposition. The pieces of
the secondary decomposition of P
(L)
0 are studied in detail and we are able to
prove that there exists an open and dense piece which is diffeomorphic to the
cotangent bundle of M(L)/G. The other pieces will be called seams.
The reduced symplectic data then have a natural interpretation. The re-
duced symplectic form ω
(L)
0 in the symplectic piece P
(L)
0 can be obtained as the
unique smooth extension from this open dense part of the canonical symplectic
form on T ∗(M(L)/G). Relative to the reduced symplectic forms we will prove
that the seams are coisotropic Σ-submanifolds of (P
(L)
0 , ω
(L)
0 ).
We already know that the reduced space at zero momentum P0, admits a
symplectic Σ-decomposition in symplectic pieces (Theorem 2). We will prove
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that, joining together all the pieces of the secondary decomposition of each
symplectic piece P
(L)
0 , the resulting partition of P0 is another Σ-decomposition,
which we call the coisotropic decomposition. We explicitly identify the frontier
conditions for both Σ-decompositions of P0 and P
(L)
0 and show that the referred
seams play a “stitching role”, i.e. they stitch the cotangent bundles appearing
in the coisotropic decomposition of P0, as we shall show in Theorem 10.
4.1 The secondary decomposition of P
(L)
0
We introduce the following notation. Recall that a connectable pair H → L is a
pair of elements (H), (L) ∈ IM such that (H) ≥ (L). Define the following fiber
bundles
sH→L := J
−1
(H)(0)×
(
N∗M(H)
)
(L)
→M(H). (16)
where the index H → L runs over the set of connectable pairs over a fixed
isotropy class (L). As this is a G-invariant piece in the G-invariant partition
(15) of (J−1(0))(L) , we can quotient by the G-action to obtain
SH→L := π
H→L(sH→L) =
J−1(H)(0)×
(
N∗M(H)
)
(L)
G
(17)
where πH→L := π(L)|sH→L . We shall then call SH→L, which is a fiber bundle
over M(H)/G, a seam from H to L, and sH→L, the fiber bundle over M(H), a
pre-seam.
We then have the following partition of P
(L)
0 =
(
J−1(0)
)
(L)
/G:
P
(L)
0 = J
−1
(L)(0)/G
⊔
(H)>(L)
SH→L. (18)
Note that from Proposition 4-a) the conjugacy classes (L) and (H) appear-
ing in the above equations belong to IM , with (L) fixed in the disjoint union.
Moreover, due to the G-equivariance of the restrictions of the cotangent bundle
projection, referred to in b) and d) of Proposition 4, we have
i) The map τL descends to a continuous surjection, say τ
L : P
(L)
0 → M
(L),
where M (L) is the closure of M (L) =M(L)/G.
ii) For every (H) > (L), the maps tL and tH→L of Proposition 4-d) descend
to the following surjective submersions
tL : J−1(L)(0)/G→M
(L) tH→L : SH→L →M
(H).
These maps are summarized in the following commutative diagrams.
J−1(L)(0)/G

 iL0 //
tL

P
(L)
0
τL

M (L)

 iL //
M (L)
and SH→L

 iH→L0 //
tH→L

P
(L)
0
τL

M (H)

 iH //
M (L)
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Note that we know, from the general symplectic reduction theory, that P
(L)
0 is a
smooth (symplectic) Σ-manifold, but, recalling that M (L) :=M(L)/G, M (L) in
general is only a topological space, endowed with the relative topology ofM/G.
In the next proposition we show that M (L) is a Σ-decomposed space and we
identify the frontier conditions for its pieces.
Proposition 5. M (L) is a Σ-decomposed space with pieces M (H), for all (H) ≥
(L). The frontier conditions are given by
M (K) ∩M (H) 6= ∅ ⇐⇒ (K) ≥ (H).
Furthermore M (L) is open and dense in M (L).
Proof. Using that M(L) =
⊔
(H)≥(L)M(H) and
M (L) =
⊔
(H)≥(L)
M(H)/G =
⊔
(H)≥(L)
M (H).
Since the orbit type decomposition ofM is a Σ-decomposition with piecesM(H),
for all (H) ∈ IM , it is easy to see that M(L) is also a Σ-decomposed space with
pieces M(H) with (H) ∈ IM and (H) ≥ (L). Since an orbit type decomposition
ofM induces a Σ-decomposition ofM/G with piecesM(H)/G then, by the same
argument as before, M (L) is a Σ-decomposed space with the obvious frontier
conditions stated in the proposition.
Therefore it remains to prove thatM (L) is open and dense in M (L). Density
is obvious. For openness, consider a point x ∈ M (L) = M(L)/G and an open
neighborhood U ′ of x in M (L). This means that there exists an open neighbor-
hood U of x in M/G with U ′ = U ∩M (L). Adjusting U we can assure that
U∩M (H) = ∅ for every (H) > (L), since the points that are stabilized by (H) lie
in the boundary ofM(L). For such a U then, U
′ = U ∩M (L) is totally contained
in M (L).
The element J−1(L)(0)/G of the partition (18) of P
(L)
0 is diffeomorphic to the
cotangent bundle of M (L) by the single orbit type theorem (Theorem 4), since
J(L) is the momentum map for the restriction of the G-action to T
∗M(L). We
will denote this piece by CL and the partition (18) can be written as
P
(L)
0 = CL
⊔
(H)>(L)
SH→L, (19)
for all (L), (H) ∈ IM . Note also that the piece CL of the partition (19), which
is diffeomorphic to a cotangent bundle, can also be seen as a seam from L
to L since, by Corollary 6,
(
N∗M(L)
)
(L)
is the zero section of the Σ-bundle
N∗M(L) →M(L) and so Definition (17) gives
CL = SL→L ≃ J
−1
(L)(0)/G ≃ T
∗M (L).
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If there is no danger of confusion we will use SL→L, CL and T
∗M (L) to denote
the same piece. Before stating the main result of this subsection we need to
prove the openness of the surjective map τL given in Proposition 4-b)
Lemma 2. The map τL : (J
−1(0))(L) →M(L) is an open map. In addition, the
quotient map, τL : P
(L)
0 →M(L)/G is also open.
Proof. We begin by considering, for a fixed (H) ≥ (L) , sH→L := J
−1
(H)(0) ×
(N∗M(H))(L) →֒ T
∗M |M(H) →֒ T
∗M . The above sequence is then a sequence
of embedded Σ-submanifolds. Furthermore, the pre-seam sH→L is a Σ-fiber
bundle over M(H) which embeds as a Σ-fiber subbundle of the Σ-vector bundle
T ∗M |M(H) . Since the topology of (J
−1(0))(L) and sH→L for each (H) ≥ (L) is
the relative topology of a Σ-submanifold of T ∗M , the open sets of (J−1(0))(L)
are (J−1(0))(L) ∩ U for each open set U in T
∗M . To prove the openness of the
map τL we need to show that τL(J
−1(0)(L) ∩ U) is an open set in M(L). Now,
since
τL((J
−1(0))(L) ∩ U) = τL
(⊔
(H)≥(L) sH→L ∩ U
)
=
⊔
(H)≥(L) tH→L(sH→L ∩ U),
(20)
we need to consider the sets tH→L(sH→L∩U) contained inM(H). In fact we will
establish the following intersection formula for an arbitrary open set U ⊂ T ∗M ,
tH→L(U ∩ sH→L) = τ(U) ∩M(H), (21)
from which the proof of openness will be an easy consequence. Abstracting
slightly, given an embedding of fiber bundles, where the embeddings are inclu-
sions,
A1


//
τ1

A2
τ2

M1


// M2
and given an open set U in A2, it is a general result that
τ2(U) ∩M1 = τ1(U ∩ A1).
Notice that since the fiber projection maps τ1 and τ2 are surjective submersions,
they are open maps and therefore the left hand side of the previous equation is
open inM1 since its open sets are generated from the relative topology and τ2(U)
is an open set in M2. Similarly the right hand side is also an open set in M1.
Note that this result also holds for a Σ-fiber bundle embedding. Applying this
result to the Σ-fiber bundle sH→L →֒ T ∗M which fibers over the base inclusion
M(H) →֒ M , we conclude that the intersection formula (equation (21)) holds
and therefore, following equation (20) we have,
τL((J
−1(0))(L) ∩ U) =
⊔
(H)≥(L)
tH→L(sH→L ∩ U) =
⊔
(H)≥(L)
τ(U) ∩M(H)
= τ(U) ∩
⊔
(H)≥(L)
M(H) = τ(U) ∩M(L).
20
However, τ(U)∩M(L) is an open set in M(L) since τ(U) is open in M and M(L)
has the relative topology from M .
Next we consider the map τL defined through the G-equivariance of the map
τL giving the following commutative diagram.
(J−1(0))(L)
τL //
pi(L)

M(L)
pi
(L)
M

P
(L)
0 τL
//
M (L)
The vertical arrows in this diagram are open maps since they are quotients
of a G-action and the topology on the base is given by the quotient topology.
Therefore, by openness of the map τL, given an open set U in P
(L)
0 , the set
τL((π
(L))−1(U)) is open in M(L), and therefore since
τL(U) = π
(L)
M (τL((π
(L))−1(U)))
we conclude, by openness of the map π
(L)
M , that τ
L(U) is open.
We are now able to prove one of the main results of this section.
Theorem 7. The partition (19) is a Σ-decomposition of P
(L)
0 that will be called
the secondary decomposition of P
(L)
0 . The piece CL is open and dense and
diffeomorphic to T ∗M (L) = T ∗(M(L)/G). The frontier conditions are:
1) SH→L ⊂ ∂ CL for all (H) > (L).
2) SH′→L ⊂ ∂SH→L if and only if (H
′) > (H) > (L).
The map τL : P
(L)
0 →M
(L) is a Σ-decomposed surjective submersion.
Proof. By construction of (19) and because an orbit type decomposition is a
Σ-decomposition it is then clear that the partition (19) is a locally finite parti-
tion. Since the pieces of the partition are Σ-submanifolds of P
(L)
0 then they are
automatically locally closed.
Let us prove that CL is open and dense. Let U be an open neighborhood
of z ∈ P
(L)
0 =
(
J−1(0)
)
(L)
/G. Since, by Lemma 2, the map τL : P
(L)
0 → M
(L)
is open, τL(U) = O is an open set in M (L). By Proposition 5, M (L) is dense
in M (L) and so O ∩ M (L) 6= ∅. For y ∈ O ∩ M (L), we have (τL)−1(y) =
(tL)−1(y) ⊂ CL and (τL)−1(y) ∩ U 6= ∅. It follows that, U ∩ CL 6= ∅, proving
the density. For the openness of CL note that by Proposition 5, M
(L) is open
and so
(
τL
)−1 (
M (L)
)
= CL is also open by the continuity of τ
L.
For 1), let z ∈ SH→L with (L) < (H) and U an open neighborhood of z.
As CL is dense in P
(L)
0 then U ∩ CL 6= ∅. Furthermore as CL and SH→L are
disjoint for (L) < (H) it follows that z ∈ ∂CL.
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Let us now prove 2). By the openness property of τL then any neighborhood
U of a point z ∈ SH′→L in P
(L)
0 is mapped by τ
L to an open neighborhood of
τL(z) in M (L), say O. Then O ∩M (H) 6= ∅ if and only if (H ′) > (H) > (L)
because M (L) is a Σ-decomposed space. Then for y ∈ O ∩ M (H) we have
(tH→L)−1(y) ∩ U 6= ∅, proving 2).
The map τL restricted to each seam is a surjective submersion, that is
τL(SH′→L) = t
H′→L(SH′→L) = M
(H′), also τL(SH→L) = t
H→L(SH→L) =
M (H). By the frontier conditions we get that τL is a Σ-decomposed surjective
submersion.
We will now describe the symplectic structure of the symplectic pieces P
(L)
0 .
Recall that by the single orbit type theorem (Theorem 4), for each (H) ∈ IM
there is a diffeomorphism
ψH : CH → T
∗M (H) (22)
which is a Σ-bundle map covering the identity in M (H). Consider now, for each
piece in the partition (15) of (J−1(0))(L) the projection,
p1H→L : J
−1
(H)(0)× (N
∗M(H))(L) → J
−1
(H)(0).
Notice that this map is just the identity map on the first element of the partition,
J−1(L)(0). These are equivariant maps that descend to surjective submersions
pH→L1 : SH→L → CH = J
−1
(H)(0)/G. (23)
Then for any connectable pair H → L over (L), we have for the corresponding
piece SH→L of P
(L)
0 , a surjective submersion
ψ
H→L
= ψH ◦ pH→L1 : SH→L → T
∗M (H) (24)
covering the identity on M (H). In the particular case (H) = (L) we have that
SL→L = CL and ψ
L→L
= ψL is a diffeomorphism. If we denote by ωH the
canonical symplectic form in T ∗M (H) we can then induce on each piece of the
secondary decomposition of P
(L)
0 a closed two form by
on CL : ΩL := ψL
∗
ωL, and on SH→L : ΛH→L := ψ
H→L∗
ωH .
Then ΩL is symplectic and ΛH→L is degenerate.
By Theorem 2 the piece P
(L)
0 has an abstractly defined reduced symplectic
form ω
(L)
0 . Is then natural to ask to what extent the structures introduced so
far are compatible. The answer to this question is given in the next proposi-
tion, which together with Theorem 8 are the main results characterizing the
symplectic geometry of P
(L)
0 .
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Proposition 6. Let T ∗M (H) be equipped with the canonical symplectic form ωH
and P
(L)
0 with the symplectic form ω
(L)
0 given by Theorem 2. Let also ψ
H→L
and ψL be respectively the surjective submersion (24) and the diffeomorphism
(22). Then, there are closed two forms ΩL on CL and ΛH→L on SH→L defined
by
ΩL := ψ
L∗ωL, ΛH→L :=
(
ψ
H→L
)∗
ωH ,
verifying
i) ω
(L)
0 |CL = ΩL and ii) ω
(L)
0 |SH→L = ΛH→L.
Proof. We will present the proof for ii) from which i) follows by taking (H) =
(L) and noting that ψ
H→L
= ψL . First note that by Theorem 2 the symplectic
form, ω
(L)
0 , in P
(L)
0 is given by
π(L)
∗
ω
(L)
0 = i
∗
(L)ω, (25)
where ω is the canonical symplectic form in T ∗M , π(L) and i(L) respectively
the orbit projection and the inclusion defined in the referred theorem (see also
diagram below). In order to prove equation ii) let us consider the following
diagram
sH→L

 iH→L //
piH→L

(
J−1(0)
)
(L)

 i(L) //
pi(L)

T ∗M
T ∗M (H) SH→L
ψ
H→L
oo 
 iH→L0 // P
(L)
0
As πH→L is a submersion, if we prove
(
πH→L
)∗ (
iH→L0
)∗
ω
(L)
0 =
(
πH→L
)∗ (
ψ
H→L
)∗
ωH , (26)
the claim
(
iH→L0
)∗
ω
(L)
0 =
(
ψ
H→L
)∗
ωH of the proposition follows.
From the above diagram we have iH→L0 ◦ π
H→L = π(L) ◦ iH→L. So the left
hand side of (26) becomes
(
πH→L
)∗ (
iH→L0
)∗
ω
(L)
0 = i
∗
H→L π
(L)∗ ω
(L)
0 = i
∗
H→L i
∗
(L)ω, (27)
where the second identity follows from the definition (25) of ω
(L)
0 .
Note that the image of i(L) ◦ iH→L is contained in T
∗M |M(H) ⊂ T
∗M .
Therefore, denoting by φ and iH the following inclusions
sH→L

 φ // T ∗M |M(H)

 iH // T ∗M,
equation (27) is equivalent to
(
πH→L
)∗ (
iH→L0
)∗
ω
(L)
0 = i
∗
H→L i
∗
(L)ω = φ
∗ i∗H ω. (28)
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So in order to prove (26) it remains to show that
φ∗ i∗H ω =
(
πH→L
)∗ (
ψ
H→L
)∗
ωH . (29)
For (29) recall that ψ
H→L
= ψH ◦ pH→L1 . Then the right hand side of (29) is
given by
(
πH→L
)∗ (
ψ
H→L
)∗
ωH =
(
πH→L
)∗ (
pH→L1
)∗ (
ψH
)∗
ωH
= (p1H→L)
∗
(
πH
)∗ (
ψH
)∗
ωH
(30)
where the second identity follows from the commutativity of the following dia-
gram
sH→L
piH→L

p1H→L // J−1(H)(0)
piH

SH→L
pH→L1 // J−1(H)(0)/G
Recall that J(H) is the momentum map for the G-action on T
∗M(H) and so
by the single orbit type theorem (Theorem 4), J−1(H)(0)/G is symplectic with
symplectic form, (ψH)∗ωH , induced from the canonical symplectic form ω(H)
on T ∗M(H), given by
(πH)∗ (ψH)∗ωH = j
∗ω(H), (31)
where j denotes the inclusion j : J−1(H)(0)→ T
∗M(H).
Using equation (31) and substituting into (30), we obtain
(
πH→L
)∗ (
ψ
H→L
)∗
ωH = (p1H→L)
∗
j∗ω(H). (32)
The map j◦p1H→L is related with φ by j◦p1H→L = p◦φ where p is the projection
p : T ∗M |M(H) = T
∗M(H) ⊕N
∗M(H) → T
∗M(H). That is, we have the following
commutative diagram.
sH→L

 φ //
p1H→L

T ∗M(H)M
p

J−1(H)(0)

 j // T ∗M(H)
Therefore equation (32) is equivalent to
(
πH→L
)∗ (
ψ
H→L
)∗
ωH = (p1H→L)
∗
j∗ ω(H) = φ
∗ p∗ ω(H). (33)
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So in order to finish the proof of (29) it is sufficient to show that
p∗ ω(H) = i
∗
H ω, (34)
which will be done in local coordinates.
Let (U , x1, · · · , xn) be a coordinate system on M adapted to M(H), so that
U ∩M(H) is described by xk+1 = · · · = xn = 0. Let (T
∗U , x1, · · · , xn, ξ1, · · · , ξn)
be the associated cotangent coordinate system on T ∗M . Let Θ and Θ(H) be
the canonical one-forms respectively on T ∗M and on T ∗M(H). In these local
coordinates the maps iH and p are
iH(x, ξ) = (x1, · · · , xk, 0 · · · , 0, ξ1, · · · , ξn)
p(x, ξ) = p(x1, · · · , xk, 0 · · · , 0, ξ1, · · · , ξn) = (x1, · · · , xk, ξ1, · · · , ξk)
Then,
p∗Θ(H) =
k∑
i=1
ξidxi =
n∑
i=1
ξi dxi|span
{
∂
∂xi
; 1≤i≤k
} = i∗HΘ,
and the result (34) follows for the respective symplectic forms by taking the
exterior derivative.
The previous proposition describes in part the abstract reduced symplectic
form ω
(L)
0 by means of natural explicitly constructed closed two-forms on each
piece of the secondary decomposition. However this is not a complete descrip-
tion since we cannot say what is ω
(L)
0 at a point of a seam applied to vectors
that are not tangent to that seam. The next theorem gives a characteriza-
tion of the reduced form, as well as information on the symplectic data of the
Σ-submanifolds that form the secondary decomposition.
Theorem 8. In the conditions of Proposition 6, the reduced symplectic form
ω
(L)
0 of the symplectic piece P
(L)
0 is the unique smooth extension of ΩL from CL
to P
(L)
0 . Furthermore, the following are satisfied:
1. CL is an open dense maximal symplectic Σ-submanifold of (P
(L)
0 , ω
(L)
0 )
symplectomorphic to (T ∗M (L), ωL)
2. SH→L are coisotropic Σ-submanifolds of (P
(L)
0 , ω
(L)
0 )
Proof. Consider a point x ∈ P
(L)
0 and two vectors Xx, Yx ∈ TxP
(L)
0 . Because
CL is open and dense we can find a sequence of points xk ∈ CL and vectors
Xxk , Yxk ∈ TxkCL ≃ TxkP
(L)
0 such that
limxk = x, limXxk = Xx, limYxk = Yx.
We can then study the existence of the limit of the sequence ΩL(xk)(Xxk , Yxk)
as k →∞. By Proposition 6 we have that
limΩL(xk)(Xxk , Yxk) = limω
(L)
0 (xk)(Xxk , Yxk) = ω
(L)
0 (x)(Xx, Yx)
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where in the first equality we have used openness and density of CL through the
identification TxkCL ≃ TxkP
(L)
0 , and the last equality comes from continuity
of ω
(L)
0 . So, we have proved that there exists a unique continuous extension
of ΩL to P
(L)
0 . That this extension is smooth follows from the fact that ω
(L)
0
is the extension and is known to be smooth by general reduction theory. The
restrictions of this extension to CL and to each seam follow tautologically from
Proposition 6.
1) is a trivial consequence of Theorem 7 and Proposition 6. To prove 2),
first recall from symplectic linear algebra (see [11] for instance) that for (V, ω) a
symplectic vector space and W a vector subspace, then W is coisotropic if and
only if rank (ω|W ) = 2 dim W − dim V .
In our case we will do this dimension counting with respect to the following
tangent spaces. First fix x ∈ SH→L ⊂ P
(L)
0 and let y ∈ sH→L be such that
x = πH→L(y) and Gy = L. Note that we can always find such a y. Now
denote by z := tH→L(y) the projection of y to the base Σ-manifold M(H) so
that Gz ∈ (H). Let us call H ′ := Gz . Then we set V = TxP
(L)
0 , W = TxSH→L
and ω = ω
(L)
0 (x). Note that by Proposition 6 we have ω|W = ΛH→L(x).
Now, since T ∗M (L) is open and dense in P
(L)
0 ,
dimV = dim T ∗M (L) = 2 (dimM(L) − dimG+ dimL).
On the other hand, by construction of ΛH→L, we have that
rankω|W = dim T
∗M (H) = 2 (dimM(H) − dimG+ dimH).
Finally, we have to compute dimW = dimSH→L. For this, note that dimSH→L =
dim (J−1(0) ∩ T ∗zM)(L) + dimM(H) − dimG + dimL. Where (L) refers to the
linear H ′-action. On the other hand, the Legendre transform maps (J−1(0) ∩
T ∗zM)(L) H
′-equivariantly isomorphically to (Sz)(L). Now, if φ and U are the
diffeomorphism and neighborhood of z in M given by the Tube Theorem, then
φ restricts to a diffeomorphism between G ×H′ (Sz)(L) and U ∩M(L). Since
dimG×H′ (Sz)(L) = dimG+ dim (Sz)(L) − dimH , we can compute
dim (Sz)(L) = dimM(L) − dimG+ dimH.
Finally we obtain dimW = dimM(H) + dimM(L) − 2dimG + dimH + dimL.
It is then clear that the condition rank (ω|W ) = 2 dim W − dim V is always
satisfied.
As a straightforward application of dimension counting we obtain the fol-
lowing result
Corollary 9. We have the following facts about seams,
i) If (H) 6= (L) the seam SH→L can never be a symplectic submanifold of
P
(L)
0 .
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ii) If (H) 6= (L), the seam SH→L is a coisotropic submanifold whose symplec-
tic leaf space associated to the null foliation of ΛH→L is symplectomorphic
to T ∗M (H) with its canonical symplectic form.
iii) A connected component of SH→L is a Lagrangian submanifold of P
(L)
0 if
and only if the corresponding connected component (i.e. under the projec-
tion tH→L) of M (H) is zero-dimensional.
Proof. For i), It is obvious that if H 6= L then ΛH→L has nonzero kernel. To
see ii), we know from the Theorem 8 that SH→L is a coisotropic submanifold of
P
(L)
0 and that the restriction of the symplectic form to the seam satisfies
ω
(L)
0 |SH→L =
(
ψ
H→L
)∗
ωH ,
where, recall, ψ
H→L
: SH→L → T ∗M (H) is a surjective submersion. Since the
symplectic leaf space is characterized by precisely this equation, ii) follows. For
iii), note that SH→L is coisotropic, so it is Lagrangian if and only if it has
minimal dimension, i.e. 12dimP
(L)
0 = dimM
(L) = dimM(L) − dimG + dimL.
Recalling from the proof of the last theorem that dimSH→L = dimM(H) +
dimM(L)−2 dimG+dimH+dimL we obtain that the Lagrangian condition is
satisfied if dimM(H)−dimG+dimH = 0, but this is nothing but the dimension
of dimM (H).
4.2 The coisotropic decomposition of P0
In this section we analyze the global structure of the topological space P0,
describing a new, cotangent-bundle adapted, decomposition that is finer than
the symplectic one. Recall from previous sections that for each isotropy class
(L) in M there is a symplectic piece P
(L)
0 in the reduced space and the converse
is also true. Furthermore, each of these pieces is again a Σ-decomposed space
with an open and dense piece CL, diffeomorphic to the cotangent bundle T
∗M (L)
and a collection of seams SH→L, one for each connectable pair H → L over (L)
satisfying (H) 6= (L). In this sense we obtained that the (L)-type symplectic
piece of the zero momentum reduced space has the structure of a “topological
fiber bundle” overM (L), where the continuous projection τL is a Σ-decomposed
surjective submersion.
We want now to extend this bundle picture to the whole reduced symplectic
space P0. First of all, let τ0 = τ |J−1(0) be the restriction of the cotangent bundle
projection to the zero momentum level set, which is G-equivariant, and τ0 the
corresponding descended map τ0 : P0 → M/G. By similar arguments to those
in the previous section, τ0 is a continuous surjective open map. It should be
immediately noticed that it is not a morphism of Σ-decomposed spaces if P0 is
endowed with the symplectic decomposition and M/G with the orbit type one,
since by Theorem 7 the image of P
(L)
0 is contained in the closure of M
(L) and
it has nonempty intersection with the boundary. It is our aim to explain how a
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different decomposition of P0 in terms of cotangent bundles and seams can be
given in a way such that τ0 is a Σ-decomposed surjective submersion. Consider
the following partition of P0:
P0 =
⊔
(L)
CL
⊔
(K′)>(K)
SK′→K for all (L), (K), (K
′) ∈ IM (35)
Obviously τ0 restricts on each piece to the previously defined smooth surjective
submersions
τ0|CL = t
L : CL →M
(L) and τ0|S
K′→K
= tK
′→K : SK′→K →M
(K′)
The next theorem explains the properties of this partition as well as the bundle
structure of P0.
Theorem 10. The partition (35) of P0 is a Σ-decomposition, that we will call
coisotropic decomposition, and satisfies:
1. If (H0) is the principal orbit type in M then CH0 is open and dense in P0.
2. The frontier conditions are:
(i) CK ⊂ ∂CH if and only if (H) < (K).
(ii) SK→H ⊂ ∂CH if and only if (H) < (K).
(iii) CK ⊂ ∂SK→H if and only if (H) < (K).
(iv) SK′→H ⊂ ∂SK→H if and only if (H) < (K) < (K ′).
(v) SK→H′ ⊂ ∂SK→H if and only if (H) < (H ′) < (K).
3. The continuous projection τ0 : P0 → M/G is a Σ-decomposed surjective
submersion with respect to the coisotropic decomposition of P0 and the
usual orbit type decomposition of M/G.
4. If IM has more than one class the coisotropic decomposition is strictly
finer than the symplectic decomposition, otherwise they are identical.
Proof. (1) Note that by Proposition 4 the symplectic Σ-decomposition of P0
has pieces P
(L)
0 for every (L) ∈ IM . So, if (H0) is the principal orbit type in
M then P
(H0)
0 is an open and dense Σ-submanifold of P0. As CH0 is open and
dense in P
(H0)
0 with respect to the topology in P
(H0)
0 and this topology is the
induced one from the topology in P0, the result follows.
(2) The items (ii) and (iv) follow from Theorem 7 regarding the pieces in
the statement as pieces of the decomposition of P
(H)
0 for the respective (H).
Also, (iii) follows from (v) by taking the limit (H ′) = (K). Then, it remains to
show (i) and (v).
For (i), recall that from the symplectic Σ-decomposition of P0 we have the
following frontier conditions
P
(K)
0 ⊂ ∂P
(H)
0 ⇐⇒ (H) < (K).
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As CK ⊂ P
(K)
0 ⊂ ∂P
(H)
0 if and only if (H) < (K), then any open set Vx in
P0 containing a point x ∈ CK must have nonempty intersection with P
(H)
0 if
and only if (H) < (K). But, since CH is dense in P
(H)
0 it follows that Vx also
intersects CH , proving (i).
For (v): First note that a seam SK→H′ is only defined if (H
′) < (K). Let
x ∈ SK→H′ ⊂ P
(H′)
0 ⊂ P0 and Ux an open neighborhood of x in P0. So π
−1(Ux)
is an open neighborhood of a point z ∈ J−1(0) such that π(z) = x, where π
denotes the orbit projection, π : J−1(0)→ P0.
As the point x projects under the map τ0 to m ∈M (K) then we can assume
without loss of generality, that τ(z) = y ∈M(K) satisfying Gy = K. From (13),
the zero momentum level set restricted to the fiber over y is given by
J−1y (0) = J
−1
(K)y(0)⊕N
∗
yM(K).
Now note that because π(z) = x ∈ SK→H′ then
z ∈ J−1(K)y(0)× (N
∗
yM(K))(H′)
where the orbit type on the conormal fiber refers to the linear K action. Recall
from the orbit type decomposition of the conormal fiber N∗yM(K) that for any
(H) ∈ IM such that (H) < (K) then (N∗yM(K))(H) 6= ∅, and consequently
(N∗yM(K))(H′) ⊂ ∂(N
∗
yM(K))(H) if (H) < (H
′) < (K). This means that there is
a point z′ ∈ π−1(Ux)∩ (J
−1
(K)y(0)× (N
∗
yM(K))(H)), from where (v) easily follows
once we note that π(z′) ∈ Ux ∩ SK→H .
(3) follows from the definition of a Σ-decomposed surjective submersion,
since τ0|CL = t
L and τ0|S
K′→K
= tK
′→K are surjective submersions and the
pieces of the coisotropic decomposition of P0 are the CL’s and the seams, and
the pieces of the orbit type decomposition ofM/G areM (L) for every (L) ∈ IM .
Finally, (4) is obvious from the construction of the coisotropic and symplectic
decompositions.
From the frontier conditions (i) to (iii) it is clear that two cotangent bundles
CK and CH are stitched along the corresponding seam SK→H . The pieces of
the coisotropic decomposition are in one-to-one correspondence with the con-
nectable pairs of IM , where to a connectable pair of two copies of a same class
H → H corresponds the cotangent bundle CH , and for different classes K → H ,
(H) 6= (K) the corresponding piece is a seam SK→H . Thus Theorem 10 allows
us to obtain the coisotropic decomposition lattice with only the knowledge of
the lattice IM .
5 From Σ-decompositions to stratifications
It was the objective of this paper to give a description of the topology and
geometry of the reduced space P0, and for a number of important reasons such
a description based in the stratified nature of the singular spaces involved is more
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desirable than the one based only in the weaker concept of Σ-decompositions. In
this section we upgrade our previous topological results and in the following we
will concentrate on giving meaning and justification to the following assertion:
Theorem 11. All the Σ-decomposed spaces in Theorems 7 and 10 are stratified
spaces with the unique stratifications induced by their Σ-decompositions. Con-
sequently all the maps involved are morphisms of stratified spaces. In particular
τ0 and τL are stratified surjective submersions.
We need then an appropriate definition of stratification and morphism of
stratified spaces. We will follow closely the reference [21] for the definitions in
the rest of the section. We caution the reader that other authors use different
definitions for the same terminology (for example the definition of stratification
found in [24], which also includes the extra properties of being a cone space).
Let X be a topological space and S a map that associates to each point x ∈ X
the set germ Sx at x of a locally closed subset of X . Recall that the set germ of
a set A at x ∈ A is the equivalence class [A]x of A at x defined by [A]x = [B]x
if both A and B are subsets of X containing x and such that there exists an
open neighborhood U of x satisfying A ∩ U = B ∩ U .
From now on we shall call a Σ-decomposition for which, given any piece, all
its connected components have the same dimension, a decomposition.
Definition 3. In the previous conditions, the map S is said to be a stratification
of X if for any point x ∈ X, there exists an open neighborhood U containing x
and a decomposition Z of U satisfying: For any y ∈ U , Sy = [Z]y, with Z ∈ Z
the piece containing y. The pair (X,S) is called a stratified space.
Let (X,S) and (Y, T ) be two stratified spaces and f : X → Y a continu-
ous map between the underlying topological spaces. f is called a morphism of
stratified spaces if for every x ∈ X there exist neighborhoods V of f(x) and
U ⊂ f−1(V ) of x with decompositions X and Y inducing S|U and T |V res-
pectively, such that for every x′ ∈ U there is an open neighborhood W ⊂ U
containing x′ such that the restriction f |W maps the intersection of the piece S
containing x′ with W into a piece R ∈ Y and f |S∩W : S → R is smooth.
We will say that f is a stratified immersion (resp. submersion, diffeomor-
phism, etc) if so are all the restrictions f |S∩W at every point x ∈ X.
Obviously if (X,X ) is a decomposed space, for any neighborhood U of any
point, (U,X|U ) is again a decomposed space, and then we can give X the struc-
ture of a stratified space associating to each of its points x the set germ of the
piece containing x. This stratification is said to be induced by the decomposi-
tion X . As an immediate consequence a morphism of decomposed spaces is a
morphism of the induced stratified spaces.
A Σ-decomposition X in principle does not induce a stratification, since X|U
could be a Σ-decomposition instead of a decomposition of U no matter how U is
chosen as we can see in the following example: Consider the subspace X of R3
given by the (x1, x2)-plane and the x3-axis. Let X1 = X\0, X2 = 0. Obviously
X1 and X2 are Σ-manifolds and the partition X = X1∪X2 is a Σ-decomposition
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of X , but for any open neighborhood U of 0 the induced partition of U is again
a Σ-decomposition, so the map associating to each point the equivalence class
of the piece containing it is not a stratification.
However, in the special case of the orbit type Σ-decomposition of a proper
G-manifold M it is possible to induce a decomposition of a suitable open neigh-
borhood of an arbitrary point. Furthermore, it is possible to guarantee that the
secondary and coisotropic Σ-decompositions induced from the orbit type one are
locally decompositions, fulfilling the requirements for inducing stratifications,
for which the decomposed morphisms are automatically stratified morphisms.
The reason for this lies once again in the local model of an invariant neigh-
borhood U of an orbit G ·m given by the tubular neighborhood G×H Sm where
Gm = H and Sm is a linear slice orthogonal to the directions tangent to the orbit
atm. In this model the orbit type U(L) is represented by G×H (Sm)(L), where L
must be a subgroup of H and the action on the linear slice is the linear H-action
by isometries with respect to the restriction of the inner product in TmM . But
it is known that the partition of a vector space by orbit types with respect to
the linear representation of a compact Lie group is a decomposition (see for in-
stance Lemma 4.10.12 of [4]). Consequently the induced Σ-decomposition of U ,
consisting of the intersection of pieces in M with U is actually a decomposition
since the pieces are of the form G×H (Sm)(L), having its connected components
the same dimension.
To see that the coisotropic decomposition is a stratification, first recall that
the map τ0 : P0 → M/G is an open, Σ-decomposed map. Now, choosing a
suitable small enough open set, U in P0, it will project to a decomposed open
set, O := τ0(U) where all pieces have components of the same dimension, since
M/G is locally decomposed. A connected component of SH→L ∩U projects un-
der τ0 to a connected component of M (H) ∩O, and its dimension is determined
by the dimension of this component of M (H) ∩ O and the dimension of some
other connected component of M (L) ∩O as we have seen in the proof of Theo-
rem 8. Since O is a decomposed space then all these pieces of the formM (L)∩O
have the same dimension, from where it follows that all the connected compo-
nents of SH→L ∩U have the same dimension, and therefore U is a decomposed
open set in P0, proving that the coisotropic decomposition is a stratification.
Similar arguments work for the secondary decomposition, and so we conclude
Theorem 11. We are therefore justified to use the terminology secondary and
coisotropic stratifications, as well as their corresponding stratification lattices.
6 An example
We will illustrate the main results obtained in this paper with an example that
is simple, yet rich enough to show the extra structure appearing in singular
symplectic reduction for cotangent bundles. We will compute the secondary
and coisotropic stratifications exhibiting explicitly the corresponding frontier
conditions predicted in Theorems 7 and 10.
Consider the G = Z2 × S1 action on M = R3, where S1 acts by rotations
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around the x3-axis and Z2 by reflections with respect to the plane (x1, x2).
The isotropy lattice and the decomposition lattice for this action are shown in
Figure 1. Let R3 be equipped with the Euclidean inner product which defines a
G-invariant Riemannian metric for this action. Identifying T ∗R3 with R3 × R3
then the cotangent lifted action is diagonal, g · (v1, v2) = (g · v1, g · v2) for g ∈ G
and v1, v2 ∈ R3. Let (x1, x2, x3, y1, y2, y3) be the coordinates of the vector
(x,y) ∈ R3 × R3 with respect to the canonical basis.
The ring of G-invariant polynomials, PG(R3 × R3), is generated by
σ1 = x
2
1 + x
2
2 + y
2
1 + y
2
2 , ρ1 = x
2
3 + y
2
3 ,
σ2 = 2(x1y1 + x2y2), ρ2 = 2x3y3,
σ3 = y
2
1 + y
2
2 − x
2
1 − x
2
2, ρ3 = y
2
3 − x
2
3,
j = x1y2 − x2y1.
These polynomials are subject to the relations
σ1 ≥ 0, ρ1 ≥ 0, σ
2
1 = σ
2
2 + σ
2
3 + 4j
2, ρ21 = ρ
2
2 + ρ
2
3.
Note that the relations between the σ’s and the ρ’s are uncoupled if j is zero.
The momentum map for the cotangent lifted action of G is J(x,y) = j.
Let now Z be a G-invariant subset of R3 ×R3 such that j is constant on Z.
Consider two copies of R3, which will be denoted by R3σ and R3ρ and the maps
χσ : Z → R3σ and χρ : Z → R3ρ defined as
χσ(z) = (σ1(z), σ2(z), σ3(z)), χρ(z) = (ρ1(z), ρ2(z), ρ3(z))
for every z ∈ Z. The Hilbert map χ := (χσ, χρ) : Z → R3σ × R3ρ is G-
invariant, and due to the relation between the polynomials its image Imχ =
Imχσ × Imχρ ∈ R3σ × R3ρ is a topological space equipped with the relative
topology which is a semi-algebraic variety. The Tarski-Seidenberg Theorem (see
[7] and references therein for a more detailed explanation) gives that Imχ has
a canonical (Whitney) stratification. By invariant theory the map χ restricts
to a homeomorphism χ : Z/G → Imχσ × Imχρ ∈ R3σ × R3ρ that happens to
be an isomorphism of stratified spaces if Z/G is endowed with the orbit type
stratification. In order to apply the results obtained in previous sections we will
study the case Z = J−1(0) through the image of χ.
The zero level set of the momentum map is Z = J−1(0) = {(x,y) ∈
R6 | j(x,y) = 0}. So we can identify P0 with the direct product of the two
cones defined by the relations
C1 : σ
2
1 = σ
2
2 + σ
2
3 , and C2 : ρ
2
1 = ρ
2
2 + ρ
2
3.
This realization of P0 is shown in Figure 2. For future reference in Figure 2 we
mark some subsets on each of the cones. For instance in C1 the vertex is marked
as V1, the straight line σ1 = σ3 excluding the origin is labelled E1, the opposite
line σ1 = −σ3 also except the origin is labelled as B1, and finally all the cone
except V1 ∪E1 is called I1 (I1 contains B1). Note from the defining equation of
C1 that B1 and E1 form an angle of π/2. Analogous definitions apply to C2.
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Figure 2: The reduced singular space P0 as a product of two cones
By Proposition 4 we know that the orbit types present in Z are exactly
those which are present in M , i.e. the elements of IM . This implies that the
symplectic strata of P0 are in one-to-one correspondence with the strata of M ,
and that both spaces exhibit an identical stratification lattice as we will verify
now. Indeed, studying the diagonal action restricted to Z one finds easily the
following orbit types:
Z(Z2×S1) = {(0,0)}
Z(Z2) =
{
(x,y) ∈ R6 | x3 = y3 = 0, x1y2 − x2y1 = 0)
}
,
Z(S1) =
{
(x,y) ∈ R6 |x1 = x2 = y1 = y2 = 0, (x3, y3) 6= (0, 0)
}
Z(1) = Z \ (Z(Z2×S1) ∪ Z(Z2) ∪ Z(S1))
Using the image of the map χ we have
P
(Z2×S
1)
0 = V1 × V2
P
(Z2)
0 = (I1 ∪ E1)× V2 = (C1 \ V1)× V2
P
(S1)
0 = V1 × (I2 ∪ E2) = V1 × (C2 \ V2)
P
(1)
0 = (I1 ∪ E1)× (I2 ∪E2) = (C1 \ V1)× (C2 \ V2).
The above sets are the strata of the symplectic stratification lattice predicted
by Theorem 2. This lattice is shown in Figure 3 a).
Recall that the strata for the secondary stratification of each symplectic
stratum P
(L)
0 are of two types, cotangent bundles CL and seams SH→L with
(H) > (L) defined by (17). Let us now study the secondary stratification of
each symplectic stratum in P0. We embed M = R
3 in T ∗M by the injection
(x1, x2, x3) 7→ (x1, x2, x3, 0, 0, 0). (36)
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We then have
T ∗M(Z2×S1) = {(0,0)}
T ∗M(Z2) = {(x1, x2, 0, y1, y2, 0), (x1, x2) 6= (0, 0)}
T ∗M(S1) = {(0, 0, x3, 0, 0, y3), x3 6= 0}
T ∗M(1) =
{
(x,y), x ∈M(1)
}
N∗M(Z2×S1) =
{
(0,y), y ∈ R3
}
N∗M(Z2) = {(x1, x2, 0, 0, 0, y3), (x1, x2) 6= (0, 0)}
N∗M(S1) = {(0, 0, x3, y1, y2, 0), x3 6= 0}
N∗M(1) =
{
(x,0), x ∈M(1)
}
.
Computing the seams and the cotangent bundles we obtain the following reali-
zation of these two types of pieces in the image of χ:
CZ2×S1 = V1 × V2 SZ2×S1→Z2 = E1 × V2
CZ2 = I1 × V2 SZ2×S1→S1 = V1 × E2
CS1 = V1 × I2 SZ2×S1→1 = E1 × E2
C1 = I1 × I2 SZ2→1 = I1 × E2
SS1→1 = E1 × I2.
According to the results of Theorem 7 the secondary stratifications of the sym-
plectic strata are:
P
(Z2×S
1)
0 = C(Z2×S1) = V1 × V2
P
(Z2)
0 = CZ2 ∪ SZ2×S1→Z2 = (I1 × V2) ∪ (E1 × V2)
P
(S1)
0 = CS1 ∪ SZ2×S1→S1 = (V1 × I2) ∪ (V1 × E2)
P
(1)
0 = C1 ∪ SZ2→1 ∪ SS1→1 ∪ SZ2×S1→1 = (I1 × I2) ∪ (I1 × E2)
∪(E1 × I2) ∪ (E1 × E2).
The corresponding stratification lattices are shown in Figure 3 (b)-(e). The
coisotropic stratification lattice is shown in Figure 4. These lattices are con-
structed using the results of Theorems 7 and 10, and the corresponding frontier
conditions can be verified from the above expressions. We describe now the
bundle structure of these stratifications: using equation (36) we realize the quo-
tient M/G as the subset of the image of χ given by (B1 ∪ V1)× (B2 ∪ V2). The
corresponding strata of its orbit type stratification are:
M (Z2×S
1) = V1 × V2 M (Z2) = B1 × V2
M (S
1) = V1 ×B2 M (1) = B1 ×B2
The map τ0 : P0 →M/G is obtained as follows. Let z = (x1,x2) ∈ C1 ×C2 be
a point of P0, then τ
0(z) is a point (b1,b2) ∈ B1 ×B2 where b1 is the point in
the intersection of B1 and the unique parabola obtained by sectioning the cone
C1 with a plane orthogonal to B1 at x1. Analogously one defines in this way
the point b2 ∈ C2.
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7 Final Remarks
We have studied the global picture of two new stratifications of the zero momen-
tum singular reduced space for a cotangent lifted action. The results obtained
raise several natural questions which have not been addressed in this work.
First, as mentioned in the Introduction, it would be interesting to determine
if these reduced spaces, together with the secondary and coisotropic stratifica-
tions, have conical structure, satisfy Whitney conditions and/or admit singular
atlases and smooth structures, as it happens for the symplectic stratification
(see [24] and [18]). For this, the Symplectic Slice Theorem of Marle, Guillemin
and Sternberg is too weak, and a cotangent bundle adapted version of it, which
could detect the secondary and coisotropic strata would be needed. Unfortu-
nately, such a technology does not yet exist in full generality. Some steps have
been done in [23] but it is still lacking a general result. We expect however that
advances in this line of research can lead to the proof that the secondary and
the coisotropic stratifications enjoy the conical property and satisfy Whitney
conditions like the symplectic stratification.
A different direction of study consists of describing reduction at nonzero
momentum. At least for reduction at momentum values with trivial coadjoint
orbits it is also possible to obtain a secondary and coisotropic stratification with
some modifications of the technology used here. This will appear elsewhere.
For general momenta the problem is much more involved since the coadjoint
representation interacts with the action on the base manifold to produce an
isotropy lattice of the momentum level set J−1(µ). These are aspects of ongoing
work on the subject.
Even when the secondary stratification of each symplectic stratum is not
invariant for the reduced Hamiltonian flow, the fact that it captures the bun-
dle structure of the reduced space might be useful for understanding certain
qualitative aspects of the reduced dynamics. A typical situation would be de-
scribed by the following observation: Even when it is known that the isotropy is
preserved by the reduced dynamics (and hence the symplectic strata are dynam-
ically invariant), this is not true for the isotropy of the projected dynamics onto
M/G. It is precisely when the Hamiltonian evolution crosses different seams
within its ambient symplectic stratum that changes in the isotropies of the base
points occur. Natural questions arise then, like under what conditions symmet-
ric Hamiltonian flows preserve isotropy both in phase and configuration spaces,
or when a Hamiltonian evolution is maximal, in the sense that every secondary
stratum (and hence every possible isotropy type in the base) is crossed. This
will be the object of further research.
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